Abstract. We give sufficient conditions for the descent construction to be the universal central extension of a twisted form of a split simple Lie algebra over a ring. In particular, the universal central extensions of twisted multiloop Lie tori are obtained by the descent construction.
conditions. Unfortunately twisted multiloop Lie tori do not satisfy these conditions. In [18] E. Neher constructs central extensions of centreless Lie tori by using centroidal derivations and states that the graded dual of the algebra of skew centroidal derivations gives the universal central extension of a centreless Lie torus. However, it is difficult to calculate the centroidal derivations in general. In this article, we give sufficient conditions for the descent construction in [22] to give the universal central extensions of twisted forms of split simple Lie algebras over rings. In particular, the universal central extensions of twisted multiloop Lie tori are given by the descent construction and a good understanding of the centre is provided.
Throughout k will denote a field of characteristic 0, and g a finite dimensional split simple Lie algebra over k. Let R and S be commutative, associative, unital k-algebras. We write g R = g ⊗ k R and g S = g ⊗ k S.
Descent constructions for central extensions
In this section we will recall Kassel's construction for the universal central extension of g R and the descent construction for central extensions of twisted forms of g R .
Let L be a Lie algebra over k and V a k-space. Any cocycle P ∈ Z 2 ( L, V ), where V is viewed as a trivial L-module, leads to a central extension
of L by V . As a space L P = L ⊕ V , and the bracket [ , ] P on L P is given by [x ⊕ u, y ⊕ v] P = [x, y] ⊕ P (x, y) for x, y ∈ L and u, v ∈ V.
The equivalence class of this extension depends only on the class of P in H 2 ( L, V ), and this gives a parametrization of all equivalence classes of central extensions of L by V (see for example [15] or [26] for details). In this situation, we will henceforth naturally identify V with a subspace of L P . Assume L is perfect. We fix once and for all a universal central extension 0 −→ V −→ L π −→ L −→ 0 (henceforth referred to as the universal central extension of L). We will find it useful at times to think of this extension as being given by a (fixed in our discussion) "universal" cocycle P , thus L = L P = V ⊕ L. This cocycle is of course not unique, but the class of P in H 2 ( L, V ) is unique.
We view g R as a Lie algebra over k (in general infinite dimensional) by means of the unique bracket satisfying
for all x, y ∈ g and a, b ∈ R. Of course g R is also naturally an R-Lie algebra (which is free of finite rank). It will be clear at all times which of the two structures is being considered. Let (Ω R/k , d R ) be the R-module of Kähler differentials of the k-algebra R. When no confusion is possible, we will simply write (Ω R , d). Following Kassel [12] , we consider the k-subspace dR of Ω R , and the corresponding quotient map : Ω R → Ω R /dR. We then have a unique cocycle
where (· | ·) denotes the Killing form of g. Let g R be the unique Lie algebra over k with the underlying space g R ⊕ Ω R /dR, and the unique bracket satisfying
As the notation suggests,
is the universal central extension of g R . There are other different realizations of the universal central extension (see [17] , [15] and [26] for details on three other different constructions), but Kassel's model is perfectly suited for our purposes.
We now turn our attention to twisted forms of g R for the flat topology of R, i.e. we look at R-Lie algebras L for which there exists a faithfully flat and finitely presented extension S/R such that
where the above are isomorphisms of S-Lie algebras. Let Aut(g) be the k-algebraic group of automorphisms of g. The R-group Aut(g) R obtained by base change is clearly isomorphic to Aut(g R ). It is an affine, smooth, and finitely presented group scheme over R whose functor of points is given by
(2.5) By Grothendieck's theory of descent (see Chapter I §2 in [14] and Chapter XXIV in [23] ), we have a natural bijective map
Isomorphism classes of twisted forms of
The descent construction for central extensions of twisted forms of g R relies on the following fundamental fact about lifting automorphisms to central extensions.
Proposition 2.7 Let L be a perfect Lie algebra over k. Then
(1) There exists a (unique up to equivalence) universal central extension We recall the following important observation of lifting automorphisms of g R to its central extensions in [22] Proposition 3.11.
Proposition 2.8 Let θ ∈ Aut k (g R ), and let θ be the unique lift of θ to g R (see Proposition 2.7). If θ is R-linear, then θ fixes the centre Ω R /dR of g R pointwise. In particular, every R-linear automorphism of g R lifts to every central extension of g R .
When S/R is a finite Galois ring extension with Galois group G, the descent data corresponding to L, which a priori is an element of Aut(g)(S⊗ R S), can now be thought as being given by a cocycle u = (u g ) g∈G ∈ Z 1 G, Aut S (g S ) (usual non-abelian Galois cohomology), where the group G acts on Aut
As above, we let (Ω S , d) be the module of Kähler differentials of S/k and let g S = g S ⊕ Ω S /dS be the universal central extension of g S . The Galois group G acts naturally both on Ω S and on the quotient k-space Ω S /dS, in such a way that g (sdt) = g sd g t. This leads to an action of G on g S for which
for all x ∈ g, s ∈ S, z ∈ Ω S /dS, and g ∈ G. One verifies immediately that the resulting maps are automorphisms of the k-Lie algebra g S . We henceforth identify G with a subgroup of Aut k ( g S ), and let G act on Aut k ( g S ) by conjugation, i.e., g θ = gθg −1 . Let u g be the unique lift of u g . We recall the descent construction for central extensions of twisted forms of g R in [22] Proposition 4.22.
The following proposition in [22] 
Proposition 2.10 With the above notation, the following conditions are equivalent.
(
If these conditions hold, then every θ ∈ Aut R ( L u ) lifts to an automorphism θ of L u that fixes the centre of L u pointwise.
Remark 2.11
Multiloop Lie algebras provide special examples of twisted forms of g R in the sense of Galois descent. Given a finite dimensional split simple Lie algebra g over k and commuting finite order automorphisms σ 1 , . . . , σ n of g with σ m i i = 1, the n-step multiloop Lie algebra of (g, σ 1 , . . . , σ n ) is defined by
where − : Z → Z/m j Z is the canonical map for 1 ≤ j ≤ n and
is the simultaneous eigenspace corresponding to the eigenvalues ζ m j (the primitive m th j roots of unity) for 1 ≤ j ≤ n. A multiloop Lie algebra L(g, σ 1 , . . . , σ n ) is infinite dimensional over the given base field k, but is finite dimensional over its centroid
tells that L(g, σ 1 , . . . , σ n ) is a twisted form of g R . This perspective of viewing multiloop Lie algebras as twisted forms, which is developed in [7] , [8] and [20] , provides a new way to look at their structure through the lens of descent theory. Thus a multiloop Lie algebra L(g, σ 1 , . . . , σ n ) as a twisted form of g R must be isomorphic to an R-Lie algebra L u for some cocycle u in
From the general theory about the nature of multiloop Lie algebras as twisted forms (see [20] Theorem 2.1 for loop algebras, and [8] §5 for multiloop algebras in general), the cocycle u = (u g ) g∈G is constant (i.e., it has trivial Galois action) with u g = v g ⊗ id for all g ∈ G. The multiloop Lie algebra L u then has a basis consisting of eigenvectors of the u g 's, and therefore the second equivalent condition of Proposition 2.10 holds. Thus for mulitloop Lie algebras, we have L u = L u ⊕ Ω R /dR.
Universal Central Extensions
Since L u in the above section is perfect (see §5.1 and §5.2 of [8] for details), it admits a universal central extension L u . By Proposition 2.7, there exists a canonical map L u → L u . In this section, we give a sufficient condition for L u ≃ L u . As an application we show that if L u is a multiloop Lie torus, then L u is the universal central extension of L u .
Throughout this section S/R is a finite Galois ring extension with Galois group G. We identify R with a subring of S and Ω R /dR with (Ω S /dS)
Then the descended Lie algebra corresponding to u is
Let g 0 = {x ∈ g : v g (x) = x for all g ∈ G}. Then g 0 is a k-Lie subalgebra of g. We write g 0R = g 0 ⊗ k R. Clearly g 0R is a k-Lie subalgebra of L u . Assume g 0 is perfect and let g 0R = g 0R ⊕ Ω R /dR be the universal central extension of g 0R . We first prove a useful lemma and then generalize C. Kassel's proof in [12] that g R is the universal central extension of g R .
Lemma 3.12 Let L be a Lie algebra over k and let V be a trivial L-module. If s ⊂ L is a finite dimensional semisimple k-Lie subalgebra and L is a locally finite s-module, then every cohomology class in H 2 ( L, V ) can be represented by an s-invariant cocycle.
Proof. For any cocycle P ∈ Z 2 ( L, V ), our goal is to find another cocycle
. By our assumption that s is finite dimensional and semisimple, the Whitehead's first lemma (see §7.8 in [26] ) yields H 1 s, Hom k ( L, V ) = 0. Note that the standard Whitehead's first lemma holds for finite dimensional s-modules. However, Hom k ( L, V ) is a direct sum of finite dimensional s-modules when L is a locally finite s-module and V is a trivial L-module, so the result easily
For all x ∈ L and y ∈ s we have
Thus P ′ is an s-invariant cocycle.
Proposition 3.13 Let L u be the descended algebra corresponding to a con-
. Assume g 0 is central simple, then there exist a k-Lie algebra homomorphism ψ : g 0R → L p and a k-linear map ϕ : Ω R /dR → V such that the following commutative diagram.
Proof. Our goal is to find P 0 ∈ Z 2 ( L u , V ) with [P 0 ] = [P ] satisfying P 0 (x ⊗ a, y ⊗ 1) = 0 for all x, y ∈ g 0 and a ∈ R. (3.14)
Applying Lemma 3.12 to L = g 0R and s = g 0 ⊗ k k, it is clear that L is a locally finite s-module and thus we can find an s-invariant cocycle
and it is easy to check that for all x, y ∈ g 0 and a ∈ R we have for all x ⊗ a, y ⊗ b, z ⊗ c ∈ L u . We can define a k-linear map Ω R /dR → V as follows. Fix a, b ∈ R and define α :
Then with c = 1 in (3.16) we obtain P ([y, z]⊗b, x⊗a)+P ([z, x]⊗a, y ⊗b) = 0 for all z ∈ g 0 . By (3.15) we have
So α([z, x], y) = α(x, [y, z]). This tells us α([x, z], y) = α(x, [z, y]), namely
α is an invariant bilinear form on g 0 . Since g 0 is central simple by our assumption, g 0 has a unique invariant bilinear form up to scalars. It follows that there is a unique z a,b ∈ V such that for all x, y ∈ g 0 we have
where (· | ·) denotes the Killing form of g. From (3.14), (3.15), (3.16) and (· | ·) is symmetric we have
Then by (ii) and (iii) the map ϕ :
Here H 1 is the Hochschild homology. By (i) ϕ induces a well-defined k-linear
for all x⊗a, y ⊗b ∈ L u . Define ψ : g 0R → L P by ψ(X ⊕Z) = σ(X)⊕ϕ(Z) for all X ∈ g 0R and Z ∈ Ω R /dR. Clearly ψ is a well-defined k-linear map. We claim that ψ is a Lie algebra homomorphism. Indeed, let x ⊗ a, y ⊗ b ∈ g 0R , then
By (3.17) this shows that ψ is a Lie algebra homomorphism. It is easy to check the following diagram is commutative.
0
The above proposition generalizes C. Kassel's proof in [12] . When u is a trivial cocycle, we have L u = g R and g 0 = g. The above proposition shows that g R is the universal central extension of g R .
To understand the universal central extensions of twisted forms of g R , we need to construct a cocycle P 0 which satisfies a stronger condition than (3.14). For each a ∈ S\{0} define g a = {x ∈ g : v g (x) ⊗ g a = x ⊗ a for all g ∈ G}. Then g a is a k-subspace of g. It is easy to check that g a ⊂ g ra for any r ∈ R and g a ⊗ k Ra is a k-subspace of L u .
Clearly g a ⊃ g 0 . On the other hand, let x ∈ g a and let {x i ⊗ a j } i∈I,j∈J be a k-basis of g S . Assume
Since a = 0, there exists µ ja = 0. By λ g i µ ja = λ i µ ja we get λ g i = λ i for all i ∈ I and g ∈ G. Thus x ∈ g 0 , so g a = g 0 .
(3) Let y ∈ g 0 and β ∈ Hom k (g a , V ). Define y.β(x) = β(−[y, x]). We can check y.β is a well-defined g 0 action.
Proposition 3.22 Let L u be the descended algebra corresponding to a con-
Proof. For each a ∈ S\{0}, let L a be the k-Lie subalgebra of L u generated by the elements in (
For each a j (j ∈ J) it is easy to check that for all x ∈ g a j , y ∈ g 0 we have
Note that our proof does not depend on the choice of τ a j because ker(
s and different choices of τ a j become the same when restricted to [ L a j , s]. Thus for any x⊗a
We have the following important observation when g has a basis consisting of simultaneous eigenvectors of {v g } g∈G .
Lemma 3.23 Let B = {x i ⊗ a j } i∈I,j∈J be a k-basis of L u with {x i } i∈I consisting of simultaneous eigenvectors of {v g } g∈G . Take
Now we are ready to prove the main result of this section.
Let L u be the descended algebra corresponding to u and let L u be the central extension of L u obtained by the descent construction (see Proposition 2.9). Assume g 0 is central simple and g has a basis consisting of simultaneous eigenvectors of
Let L P be a central extension of L u with cocycle P ∈ Z 2 ( L u , V ). By Proposition 3.22, we can assume that P (x ⊗ a, y ⊗ 1) = 0 for all x ∈ g a , y ∈ g 0 and a ∈ S.
for all X ∈ L u and Z ∈ Ω R /dR, where ϕ : Ω R /dR → V is the map given by ϕ(adb) = z a,b in Proposition 3.13. Clearly ψ is a well-defined k-linear map. We claim that ψ is a Lie algebra homomorphism. Indeed, let x⊗a, y ⊗b ∈ L u , then
By (3.17) we have P (x ⊗ a, y ⊗ b) = (x|y)z a,b for all x, y ∈ g 0 and a, b ∈ R. If a, b ∈ S\R, we have two cases. Since ψ is well-defined, we only need to consider basis elements in L u . Let B = {x i ⊗ a j } i∈I,j∈J be a k-basis of L u with {x i } i∈I consisting of eigenvectors of the v g 's. Take
If 0 = a j da k ∈ Ω R /dR, then a j a k ∈ R and [x i , x l ] ∈ g 0 by Lemma 3.23. Thus [x i ⊗ a j , x l ⊗ a k ] L u ⊂ g 0R ⊕ Ω R /dR. By Proposition 3.13 ψ is a Lie algebra homomorphism in this case. If 0 = a j da k ∈ Ω R /dR, then [x i ⊗a j , x l ⊗a k ] L u = [x i ⊗ a j a k , x l ⊗ 1] L u . By Proposition 3.22 we have P (x i ⊗ a j a k , x l ⊗ 1) = 0. So ψ is a Lie algebra homomorphism as well in this case. It is easy to check the following diagram is commutative.
0 
